
LAIthe Penometration Group a la Gellman low

Rt Lr t Let LBare physical as it encodesthe

finite Singular Tingler UVboundary condition thot's
but
may

butphysical why itdependson th or t
in thesenseofarbitraryseparationoffiniteterms

Foundnoticethatthephysicalresultsshouldnotdependon howweshufflethefinitetermsaround

and byconstruction Lare inEg 7 delivers finite correlator

FAside one can notmust choose a scheme where La is constructed

intermsofphysical couplings eg Ma as measured at sometunenticalconf
wouldallows us in 44theory to here Lr 1 4 with Ma I E E Ir
Or one can renoundite the mess to the physicalone mymphyo Whilethis

is certainly ok it's justan arbitrary choice outof infinitely many that are equallyrelio
uch as e g picking in at some unphysicalkinematicofM z

Moreover it
wouldjustremains as arbitrary as keeping around theM in oh'm reg since one would

have E as newparameter andcertainly physics doesnotdependon whether wedecide

to define the coupling as Male E mother then tosome other E E

In otherwords Ma E no much of a differencethen
And in fact it's often very useful as we willsee notto stick to physical
choice of the renomotted couplings or masses especially because it leads to
premature breakdown ofperturbationtheory due to large logarithm see veinbeych.io

for an account e g Mal EE da Male if it tylystejo therecord

thn becoming layerthen tree levelAa for loye log e even if I a This can besolved
belowvieRy equation appliedto ME and recalling that drivesAlmsand urgingEndy
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Exempt Lp 4 t m'd't 4,4

4 D
in dim reg

8 Lot 224 t Ey'm 24M44

Es Lik.tk ao't mtfmY t Hegg t

39 a Loaf do't ME t dog d with

2 left bare

Cy Im edm41TEggs Halt t Caffee
to He dilate giftE d to Barefields

We can perform equivalentsplittings of the same given LBare

as physical results do not depend on how we shuffle thefiniteterms

fatfixed LBere which defines thetheory
In dim neg the freedom ofthe choice offinite terms is represented by the choiceofu
see eg Mae d atghetto11where changing M one is like redefining dad by the

finiteshift tr odat ya

Faside in a differentscheme e.g
where we defined d vie Ma de E Ar this

freedomofchanging thefiniteterms is associatedtochanging the Ewhere one defines thede In

the herd cutoffcase one subtract logan andthe undeterminedfinite constantu is

back It is necessarilyso because c t are defined only up tofiniteterms
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2 Lrt Lep Lk t Let L Bare likein

WilsonianR
identified

in dim Reg Lr Lr Nm LetCNN to compensate Kzn

Exempt we calculated in 4 in D 4 at c loop in dim reg

33 Mz 02 X 7 Izz re Gt hSEIM it t

Is A gffflogen thoseconstants toocanbe
absorbedin Mst

Since physics should be independentof a D Ma can't depend

seponetly on X M In fact working to this e loop order
it depends only on the combination I d GEloyn Mae I offense

So we see that day is a redundant pair

fu such that daybs
0 again like wilsonianRs Avison on

ifr example
341 ftp.zuz

0 D day ELI Eat Boy

Fin another scheme e.g ALE definedby Male E d itghosts
we see that X E is not on inolep pair manifestly and geobs o sucha
Eq 1341 0 ELEM 2 0 D B HI O LK I
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We could have obtained the same demanding that the bare parameters i.e

those that define Lisa that define the theory at hand are m indep

Example of et one loop in D 4 E

5 NotMeY FME
A 1st 3Eat D

IEEE Tweadauleted previously

36 MEI ed 1st Iet t p 1stgite 344ft 0

3D D plat Eet Ed 341 0 D to lowestorder p ed
I plugback

ED P Eff t ed t o p ed If

Example 443 in D 6 e dim

9 43 3 E D g D 43 64 D got 9 141,2
8 9 Egg ft front

40 where we adulated
gz qg.az fan of 8 786 EEptÉÉseeEq202646 to ga

p EyN tanto o Egf zag ppfjjf.gg at
lowestorder

Plugback in
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Notice that pop o in D 6 the theory is asymptotically free intheUv
weexplainthis later

Multiple couplings in various dimensions to all orders

With multiple couplings even with non renoundable Cieirrelevant or relevom

interactions we can repeat the strategy by definining dimensionless renormalize

couplings in terms of which the dimensionfu bere couplings are expressed

ogensionful
dimensionless

143 Gmb
M Jn'm ÉÉ8 t 37 t af pole ithorder in

Jn bare

Life In gyberednbere Onbae do
functionofD eg 447 20 4E D D

where e 5 D B being the integer dim via aim at 5 4 in 44
5 6 in 43It's thus convenient to pullout theMD do factor

Zaim ofgetD 5

144 gu bat ME
45
Mt gnIM t died 0k

11 t

Since Dance is linear in D

kn e 5 dont5 Ln D D D Don 5 D son D

example 2 1 in 4 all ing
Formeyimelcouplings B Don151 0 whereas it is positive
and negative for relevantandirrelevant couplings respectively



Bydemanding m independence ofbone couplings mdqigb.no
th

we extract the p functions

45 o É 451 4
qgnn.be

di
fgÉi Efimkrone

Mr
E SanatanE gut91ft t fit at't pm

Tratighismetrix

ME
8n II gmtdiet 5 son D tame

Einem
Now a finite change inm require achange in gym to compensate itmustbe finite

IC t teal t so all mustvanish identically p is finiteas to

471 Pm f Dono gn t amgagging 2nd sum over m

All orderresult classical
justfromtreelevel gn.mg

songMt quantum
Remark This is a very universal formula the p function

in a generic theory in a generic
dimension D D

it depends only on the simple poles II in gnbare
higher poles aging do notmatter
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check 1 If in D dimensions hes 2 1 and D 1,4 4 0

Pot 491 1,3131,9
404 12,9 li

b
pp4 4 D It Rzasa all order result

49 for theory

92 31 2 4 1 t fay't
a loop

to YeC t
3

correct.to c.t c T donot
theteairrelevant I irrelevant matter

Ptg 4 Ditzy in agreementw Egg

check 2 gg M in D dim 2 11

D D D 3421 612 E

pp qgtzgZ.fig tall order resulting
SD 4

8 2,93 48 4 31
E3efpcorr.to taminc.T

H
Cogein tea 31

154 PM p
E 34 77,3 notimportant



Remark a The fact that ye izz terms in Eq46 that
vanish i.e finiteness of p when e Do it's actually powerful
because it fixes higher order poles 1.3 from of only

b Take for example a single coupling like in d theory
for simplicity and keep track of off terms in RG equation

5 O medal re E Ift 201,1 p 1 2911 49 44

I p e d Geza ed t d ly then dylanYin

ft EEE I
p fete tent

requiring EC o set a differentialequation for a

154 3 11 Entangles
Dsolving for azl

Likewise one determines an ily too from setting tozeroteam
From an alone one can extract ell an's it's just a
matterofknowing ask Ead exudate tohigherloop

Forexample in 44 theory in D 4 021 312 so that

5 OH A Hat If 2 A fay 3pm Em
2d A 3

i e we determined 02 943 42 from a at 1 loop
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This corresponds diagrammatically to 70k being thesquareof A
giving riseto Ye or lyin in PauliVillard or hardcutoff whereas

YE and 0 are genuinely newoffalte that
contribute to an at

The RG guarantees this in generality
We can also see it at the levelof the amplitude

e From Weinberg theorem the ten pole correspond to the leading

powers of log E the leading log's are
determined

µ
Gombe

leadinglog gleedingly sublead

Man N Eight Littilagelzeffeta64th

Et D femme
o pls ta falgent 3 E Lalit

Etz ftp.t zaeoyq B

nact

8 Since p 34 BEy t D A 9 be B

alreadydetermined

subleading byleadinglet determinedby2loop
etclooppfine Bfact

So we see that the running coupling allows to systematically determinethe

higher order log's This is a general feature of RG equations and

it's quite important because it allows to keep perturbation theoryunder
P.T

control evenwith exp separated energysales
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RG flow and its Asymptotic

Now that we see that higher powers oflarge logan can be determined vice Ry
we can address the asymptotic RG evolution both

Esp m or a Eam t s t

In particular let's consider some observable Obs

fu
can bethem E inthephysicaldoiceofren coupl

59 Obs J at Egham FEIGEL t

i s

f
Éononem

enough ftp.t.whenglmaig

Can we recover control when gg.cc but gylge as Yes

The idea is that for any given E we can change the splitting LrtLet
go that HMa is chosen with M Z E D no large logouth appears

Then bymoving by infinitesimalsteps pooped one can donge to
another me

from the initial one

In formulas



4711

60 814nF ply D heft Ifdpg no largelogs in i

p g gift Eat
just powersof 87,6A

Example 4,44 in 1 4 0
PEE It

helm Si KI Ha HE

A IE Nm
1 HIMlogElm

As long as die remains smell we can write M feat AE to Etf

I
63 MakeM I IE d

name
1 Phylogeny ti I get

and if the log's ore smellthatwe canexpend itback justtosee
what the RG equation so is resumming

64 Matt 1 It foggy t 4 log'E t

it nicely matches the Ag in E 55 58 butwith no effort
The X ay LoyEG coefficients are predicted to be3m Subleading d log
can be mediatedonce B is calculatedto nextloop order and so on
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On the other hand given a finite coupling I atsomesalem the

coupling become large at a finite energy scale ALandau

5 Alanna exp 1651am n u being the sale of theinitial
condition A XG

The theory is no longer perturbative at finite energy
it can'tbe extrapolated past Er Acanoto D 4 inD 4 is EF

So this means that 4 theory shouldbe regarded as an EFT with

cutoff not layer then A canoer In this sense 4 theory is
notrenownedtable and one should expect higher operators e.gEnemy
Westillunnelly call it patmbatively renewaltable because the
London pole sale is exponentiallylaze thenM

Conversely for a fixed ily at no E the coupling NE

goes to zero as Elmo 00

6 Xl E DO triviality of d theory inD a
Elmo DO

Linthe continuum limit a la Wilson

This is called triviality of f theory if one really tries to sendyo
a keeping Npo fixed as that corresponds from a Wilsonian

perspective to try to remove the cutoffregulator while keeping the bare
coup fixed I 4 can'tbe definedbeyond perturbationtheory
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165 helm ftp.sg 5 Ice Ji
NYCE

GE 92cm

gI 3HENGEL

D O

as Eg so
Asymptotic freedom in theUV

Because g2E x so there is no obstruction in extrapolating this theory

to arbitrary shortdistance i.e removingthe cutoff or taking the contlim
QCD YayMills are also asymptotically free theories

Fdisclaimer opin D 6 contrey to Qcd 4n in D 4 doesnot in factmakes
sensefully nonpatabetively became of reaum instability butfor g smellenough
to tunneling note to a new vacuum is exp smell We are using ofjust as toy
model I

Conversely the coupling become loge in the IR gie says at oformbandstet

H Aar Agexp f zegg y
expon separated by A

A new IR messscale linkedto pair
Al A given in the Uv Dim

transmuter



LAPEL

Fixed Points as exampleofasymp

We have seen that p o leads to coupling growing devising in the OU IR and

vileverse for Pao famouspointtowards IR

It t.si Yet IIR Gaussian FP
inpath in urGaussianfixedpoint likein orYM InfixedpointGaussian

avg.figigi.Itrad.af.Ig
D 4 associatedto asympfreedom

There could be however a situation where
proffsomegti

If the running mess vanish atg g it's called a Fixedpoint

P gx 0 when this happens gas g
const

no run anymorem o

With several couplings pilgn go 0 all simultaneously

If p bas simple zero around get linear ing get so pi can be
consider

comparing WI 471P d d70 P PI lg g t

frond Feg g
or withmore couplings Bi Dfg j

t

linear in g g so that comparing to Eq 47 P D stg t
we can redefining g g g pg pi g call pi thequantum or
anomalous dimension of g lithmultiplecouplings in general needtodieyon.ofjs.ly



This is furter justified by integrating the RG few nearg
the

gce gel

met Sg p I f Egg Fitting
g g

that is

g El g const Egypt It
o P so unfixed

3rdFigin

FIDO
O PI O IRfixed

4thfig in
simple power law scaling t
controlled by PI
This should be contrasted with the free they p 1 81 b
the geo and it's reached by theclassical dimension setby D s

If gallop can we can approach the F P within perturbation theory

Example Wilson Fisher Fixedpoint in D 4 E dimensions

The toymodel theory weconsider now is theory with a messterm

in D 4 E dimensions with E 0 in factinstatmech thisisusedto goto e 02
apprech the3DIsingmodel

We have two couplings F alreadyadulated pas de
needPmt

3 MEMgabere MEILIIfp8gal
o need the mess c t 8g



MJ gegen 4,9 4 3 fEÉ my fight
4h

e.gbyzmzfirstseethelogdivex
Ye ga intbeck

GH p 4m22 I
migg.pt zMt IIyz8H

1st.tt o 1 1 s ne1 i
and using Eq 471 14gzg.themesshesdaagsthecon.dim sineEmt

EEE pm f so.CH gntamgm2gE's and

pi EX If I get 9 fPi
p ga I To

77 Pro Xy BIE Ga if E Ha
Pge0 qÉ age gate 2 o

g.tt
4 0

Wilson Fisher fixedPoin

8
31g 1g

647 O
Gaussie

2 É
Tie I the
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79 D Piz EX Xx agr arrows towardIt

TEE Pg E Zeeb gz sine massremain

I relent
x tune it to zeroÉÉÉ Ir fixedpoint toFYIpnotice that q is marginally relevantat the

rememberthe e o

Gaussian F P inD 4 E pi Elt c so but it
becomes irrelevant at the Wilson Fisher FP themess instead remainsrelevantatboth

The ruling of gain the Gaussian FP would be Pgs 292
that is gzip Io Meat which is a complicatedway ofsaying
Mbere GzaM gyroMt
At the Wilson Fisher F P instead using 79 we get

gooff
inGaussianFP

180 gain guns g
the mass is stillrelevantbutlessso

I fr e o

mess mom dim
2 in WilsonFisher F P

More generally the mess anomalous dim is definedbytakingoutthe classicalpie

mtg tiffin 2 42 21 g g12gal FF I
Once one extracted the asymptotic behaviorof coupling masses the

asymptotic behaviorof other
observables is easy to extract

Consider for example an observable with a certain moss dimension



stay182 Obs OLE girl mini n Ed FCEu gills meet
wouldgivelogelog's

minimise the effectofbye legs by choosing M E

treelevelouter

183 Obs Ed F a giles MEI D É File t giftnotlegehy sete scaly Tia
e.g crosssection in 44th OLE Eo title EYI.jpnotjustnaive Ye sueling

Covert neglecting mess can be an issue whenthere are IR dir needto look at
IRsafeobservable

Incidentally from the RGequations of couplings messes one can

extract RGey for
observables

1843
mdqObs o 3 t pi Zg Obs o

if includingmessesamongcouplings
otherwise add 8mm't

my

Callen Symenzik Equation

In addition to dbm o or
doggie

0
dangere 0 one

can consider how correlation functions scale witha

684 do do II Fi lo d do Fdiy't n

borefields
tenormTrrelators
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so that notbore
correlator o gives

185 Ii 8 t ut ti tn 0 8i Left
Itotolder

9
or also

IEEECellons Symenzik equation
I gigtf t

p Ei ri tMZ t Pi Eg di
againincluding
messescronycoup

partialder ifnotoodrmg.ms

The formal solution of 86 or CD is obtained by just recalling 84

defining
1873 GYM girl pl TZE m indep Kd In flu gin p

Gem gem e 94migimel ÉÉffg

So we need first to solve for the Z dependence on p Let's

work for simplicity with a single field and a single coupling
glut

189 8 Iffy D hztytf frigmsdhn fg.ggMo I
changevariable

190 FG Emt exp ftpg dg damp
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CD Gem gem p expfnfg.rspgolgJ.S9cro galop

Notice that at a fixed point g g't const so that fronds

II atty HIM Cloth simple power law
scaling at F P

E'G gin plIggy 1 Elmo g p

scaling correlation at a Fixed Point

Example apt d da near a fixedpoint

From eq 861 gut 28 9 4 Xz M 0

translations t
rotationst

otherwise I fee xÉ
M dim omegasD 4

94 3 28 thx tan o x.FI 28

b
GH const x 22

steam.IE aiTiitia
constly yapper

it sales like if 2 2 8

Tessieolim
Justifying the name off
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One can reach the same conclusion in mom space

from the solution in Eg

96 9 cu ga p Mo gtfo ga p
intmom space 9 leg 3

My.fm Flpyd F pan

7 D F homogeneous fine degree Fox É

8D 9 tpz.fm It 9 Expert
Finally a slightly more pedestrian derivation based on perturb th

would be to minimise the large logs

a EM gyp MI5 Ilm Gip
choose not p ro

ay
to minimise loge logs

ftp.Jplstolqfghplm.lt
x 1

pals AT It xp2r


